We investigate the kinetics of a nonrelativistic particle interacting with a constant external force on a Lie-algebraic noncommutative space. The structure constants of a Lie algebra, also called noncommutative parameters, are constrained in general due to some algebraic properties, such as the antisymmetry and Jacobi identity. Through solving the constraint equations the structure constants satisfy, we obtain two new sorts of algebraic structures, each of which corresponds to one type of noncommutative spaces. Based on such types of noncommutative spaces as the starting point, we analyze the classical motion of the particle interacting with a constant external force by means of the Hamiltonian formalism on a Poisson manifold. Our results not only include that of a recent work as our special cases, but also provide new trajectories of motion governed mainly by marvelous extra forces. The extra forces with the unimaginable tẋ-,(xx)-, and(xx)-dependence besides with the usual t-, x-, andẋ-dependence, originating from a variety of noncommutativity between different spatial coordinates and between spatial coordinates and momenta as well, deform greatly the particle's ordinary trajectories we are quite familiar with on the Euclidean (commutative) space.
Introduction
Physics founded on noncommutative spacetimes has developed rapidly since the end of last century when the idea of spacetime noncommutativity [1] was revived in the field of string theory [2] . There has been a large amount of literature on noncommutative quantum mechanics (NCQM) [3] and noncommutative field theory (NCFT) [4] as well. However, we notice that the research on noncommutative classical mechanics 1 (NCCM) [5, 6, 7] , if comparing with that of NCQM and NCFT, is so little. Probably the NCCM is not so attractive as the NCQM and NCFT; nevertheless, the Doubly Special Relativity [7] has been intriguing. Moreover, the present paper tries to give from the nonrelativistic aspect a glance at a variety of interesting properties that the NCCM possesses. The mathematical background for the physics on noncommutative spacetimes is the noncommutative geometry [8] . As was demonstrated, e.g. in Ref. [5] , the spacetime noncommutativity can be distinguished into three kinds in accordance with the Hopf-algebraic classification [9] , that is, there exist the canonical, Lie-algebraic and quadratic noncommutativity, respectively. In addition, the three types of noncommutative spacetimes have been studied in the framework of quantum groups at both the nonrelativistic and relativistic levels, and the relative Hopf algebras for some specific noncommutative spacetimes 2 have been given [10, 11, 12, 13, 14, 15] . In brief, at the former level the Galilei Hopf algebras have been provided for the canonical [10, 12] , Lie-algebraic [10, 11, 12] and quadratic [12] noncommutativity, respectively; and at the latter level the Poincaré Hopf algebras have been proposed for the canonical [13, 10] , Lie-algebraic [14, 10, 11] and quadratic [15] noncommutativity, respectively. Incidentally, the Hopf algebras for general noncommutative spacetimes still remain unknown.
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In a recent work [5] a nonrelativistic particle interacting with a constant external force on the (Lie-algebraic and quadratic) noncommutative phase spaces with commutative momenta was dealt with in detail and some intriguing trajectories were then revealed. This classical system is independent of any star-products and can thus be analyzed by means of the Hamiltonian formalism on a Poisson manifold. The reason lies both on the constant external force and on the commutative momenta (see the discussions in the next section for the details). If the external force were not constant and the momenta were not commutative, one would have to envisage the corresponding star-product rules which are complicated and unknown at present. Therefore, Ref. [5] provides an alternative way to study a simplified classical system on a kind of specific (Lie-algebraic and quadratic) noncommutative spaces of which the rules of star-products are unknown. In other words, one is able to analyze some simple classical motion, such as that associated with a constant external force, on so complicated noncommutative spaces that their corresponding star-product rules are even unknown. However, we would like to point out that the (Lie-algebraic) noncommutative spaces considered in Ref. [5] as the starting point for investigating the particle's noncommutative kinetics are special cases of our findings.
In this paper we generalize Ref. [5] to more complicated Lie-algebraic noncommutative spaces. Our generalization focuses only on the Poisson brackets between different spatial coordinates and between spatial coordinates and momenta, but still keeps the Poisson brackets between different momenta vanishing. See eqs. (8) and (9) . That is, we consider our generalization within the limitation that no star-products are needed, which can be seen clearly in the Newton equations, eqs. (23)- (25) and eqs. (38)- (40), where no products of spatial coordinates associated with non-vanishing Poisson brackets exist. To this end, we propose a practical and effective way to look for more complicated Lie-algebraic noncommutative spaces than that appeared in Ref. [5] , which is in fact based on Lie-algebraic properties, such as the antisymmetry and Jacobi identity. In other words, we solve the constraint equations that the structure constants of a Lie algebra, here known as noncommutative parameters, hold, and obtain two new types of noncommutative spaces with the Lie-algebraic structure which cover that of Ref. [5] as subclasses. In terms of the Hamiltonian analysis on a Poisson manifold [16] , we derive the Hamilton equation and Newton equation, and observe that the noncommutativity between different spatial coordinates and between spatial coordinates and momenta provides various extra forces that make the particle's ordinary trajectories on the Euclidean (commutative) space have a quite large deformation. We point out, as a byproduct, that the Lie-algebraic noncommutative spaces are anisotropic because of the direction-dependent deformation.
The arrangement of this paper is as follows. In the next section, we determine new types of noncommutative spaces with the Lie-algebraic structure. In section 3, we study the kinetics of a nonrelativistic particle interacting with a constant external force on the new noncommutative spaces given by section 2. Finally section 4 is devoted to the conclusion and perspective.
Lie-algebraic noncommutativity
We start with general Poisson brackets of spatial coordinates of a noncommutative space with the Lie-algebraic structure,
where lowercase Latin indices a, b, · · · , e = 1, 2, 3, time t is dealt with as a parameter which has vanishing Poisson brackets with spatial coordinates, and the structure constants, also called noncommutative parameters, θ 0 ab and θ c ab are antisymmetric to lower indices and, moreover, have to satisfy some quadratic relations, i.e. the constraint equations due to the Jacobi identity as follows:
Furthermore, we implement the momentum space by imposing the ad hoc Poisson brackets upon eq. (1),
whereθ c ab andθ c ab are newly introduced noncommutative parameters that have vanishing diagonal elements. As a result, while maintaining a quite some generality for the noncommutative phase space we still require eq. (3) to recover the usual canonical relations, i.e. the Poisson bracket version of the standard Heisenberg commutation relations if a = b. As mentioned in the above section, the vanishing Poisson brackets of momenta are chosen in order to avoid highly nontrivial differential calculus related to star-products [17] , and such a simplicity in the recent studies of noncommutativity [3, 4, 6, 7] is acceptable due to a variety of nonvanishing Poisson brackets that have been introduced between different spatial coordinates and between spatial coordinates and momenta as well. In the phase space spanned by (x a , p a ), the Jacobi identity gives rise to, besides eq. (2), additional (linear and quadratic) constraint equations the noncommutative parameters should hold, 
where the antisymmetry of lower indices of θ 0 , θ,θ, andθ should be considered. The dimensions of the parameters are fixed:
, where M, L, and T stand for mass, length, and time, respectively. As a summary, we mention that the noncommutative space is governed by the Lie algebra which contains seven generators, t, x 1 , x 2 , x 3 , p 1 , p 2 , p 3 , where t is central and p 1 , p 2 , p 3 form an abelian subalgebra. This Lie algebra leads to a Poisson manifold on R 6 with coordinates x 1 , x 2 , x 3 , p 1 , p 2 , p 3 and its structure constants satisfy eqs. (2) and (5). In Ref. [5] , however, two Lie-algebraic noncommutative spaces are simply supposed. We shall show that they are specific kinds of solutions of eqs. (2) and (5) and are covered by our solutions (see eqs. (6) and (7) or eqs. (8) and (9)). The two sorts of algebraic structures of noncommutative spaces are summarized as follows:
• One of the three Poisson brackets of different spatial coordinates is deformed to be proportional to time, but the other brackets of different spatial coordinates, of spatial coordinates and momenta, and of different momenta maintain undeformed;
• Two of the Poisson brackets of different spatial coordinates are deformed to be proportional to a spatial coordinate and two of the Poisson brackets of spatial coordinates and momenta are deformed to be proportional to a momentum, but the other brackets maintain undeformed.
Based on the above two noncommutative spaces, the kinetics of a nonrelativistic particle interacting with a constant external force is discussed and some interesting trajectories of motion are revealed. Nevertheless, we point out that the constraint equations, eqs. (2) and (5), contain far more plentiful structures of noncommutative spaces than that given by Ref. [5] . It is obviously a difficult task to solve the constraint equations, i.e. eqs. (2) and (5) which contain so many related equations and have to comply with the antisymmetry of lower indices. This presents that the classical mechanics does not always mean simple, in particular when it is associated with noncommutativity. In the present paper, after tedious calculations together with some calculating techniques, we at last obtain two kinds of solutions from eqs. (2) and (5), each of which corresponds to a new noncommutative space with a typical Lie-algebraic structure on which the classical mechanics would be established. Although they are not the most general solutions, the two kinds of solutions we work out are at least the generalizations of that of Ref. [5] and in particular lead to various marvelous classical trajectories unknown before, see the next section in detail.
The two kinds of solutions are listed as follows:
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• For the first kind of solutions, the non-vanishing elements of structure constants are
while the others are zero except for the antisymmetric counterparts of the above elements.
• For the second kind of solutions, the non-vanishing elements of structure constants are
Note that k, l, and γ (running over 1, 2, 3) are different and fixed, and that κ,κ, and κ are independent noncommutative parameters whose dimensions are
, respectively. Type I noncommutative space, which corresponds to the first kind of solutions (eq. (6)) and generalizes the first Lie-algebraic noncommutative space given by Ref. [5] , has the form,
where i, j = k, l, and a, b = k, l, γ. Whenκ → ∞ and θ 0 kl = θ 0 kγ = 0 in eq. (6), Type I reduces to the first Lie-algebraic formulation of Ref. [5] .
Type II noncommutative space, which corresponds to the second kind of solutions (eq. (7)) and generalizes the second Lie-algebraic noncommutative space given by Ref. [5] , takes the form,
When κ → ∞ andκ → ∞ simultaneously in eq. (7) or eq. (9), Type II reduces to the second Lie-algebraic formulation of Ref. [5] . Moreover, if κ → ∞ andκ → ∞ individually, Type II is simplified to its two subclasses of noncommutative spaces which are also novel and untouched in literature. As to the two subclasses, though included in Type II, we may consider them separately elsewhere because they are related to interesting trajectories of motion.
We emphasize that eqs. (8) and (9) indeed describe new noncommutative spaces with the Lie-algebraic structure rather than ordinary (commutative) spaces with noncanonical Poisson brackets. This can be seen clearly when we notice that eqs. (8) and (9) involve the two noncommutative spaces utilized in Ref. [5] as their subclasses while the latter have been proved [9] to be recovered in a Hopf algebraic framework with a nontrivial coalgebra. Or, from a different point of view, as Darboux theorem holds only locally and not on all R 6 , one cannot find canonical coordinates and their conjugate momenta that satisfy the Poisson bracket version of the standard Heisenberg commutation relations through introducing a linear or nonlinear transformation in such an original phase space R 6 that is governed by a Hopf algebra with a nontrivial coalgebra. As a consequence, the extra forces (see the following section) emerge indeed from the noncommutativity of the phase space R 6 rather than from an unsuitable choice of noncanonical Poisson brackets. At the end of this section we point out that the three (spatial or momental) directions in eqs. (8) and (9) are not equivalent to each other, which results in the conclusion that the two Lie-algebraic noncommutative spaces are anisotropic. This feature will be seen clearly through the deformation of the ordinary trajectories of motion with which we are quite familiar on the Euclidean (commutative) space.
In the next section we turn to the study on the classical kinetics of a nonrelativistic particle interacting with a constant external force on the two types of Lie-algebraic noncommutative spaces depicted by eqs. (8) and (9).
Classical mechanics on Lie-algebraic noncommutative space
In this section we analyze the trajectories of a nonrelativistic particle interacting with a constant external force, F = (F k , F l , F γ ), on the noncommutative spaces Type I and Type II. As we shall see, the noncommutativity produces extra forces that have dynamical effects and thus alter in the way of direction-dependence the particle's ordinary trajectories, i.e. the trajectories on the Euclidean (commutative) space. This phenomenon reflects that the two Lie-algebraic noncommutative spaces are anisotropic.
The problem we are now envisaging is to establish equations of motion for a particle on a Lie-algebraic noncommutative space. That is, we have to generalize the canonical Hamilton equation related to the Euclidean space to such a Hamilton equation that holds on a Lie-algebraic noncommutative space. In fact, this is only a simple application of a Poisson manifold.
In order for this paper to be self-contained we briefly repeat the main context of the Hamiltonian analysis on a Poisson manifold [16] , but use the present notation for the sake of consistency in the paper as a whole.
At first, we recall the definition of a Poisson manifold and the equation of motion on the Poisson manifold. 
for all F , G, and H ∈ F (P ).
A manifold P endowed with a Poisson bracket on F (P ) is called a Poisson manifold. Proposition. Let ϕ t be a flow on a Poisson manifold P and let H: P → R be a smooth function on P . Then
or, for short,Ḟ = {F, H},
if and only if ϕ t is the flow of X H (the Hamiltonian vector field of H).
If ϕ t is the flow of
Secondly, in order to connect the Poisson manifold with our problem we consider a manifold P with (phase space) coordinates
for our case, and define as above the Poisson bracket for arbitrary functions
and H(ξ a ) ∈ F (P ). It can be proved 6 that if there exists a Lie-algebraic structure on a manifold, such as the noncommutative spaces, eqs. (8) and (9), the following defines a Poisson manifold:
As a result, the Hamilton equation for any F (ξ a ) ∈ F (U), U open in P , takes the same form as eq. (12). Specifically, the equation of motion thus readṡ
where H = H(ξ a ) is Hamiltonian.
For the system of a nonrelativistic particle interacting with a constant external force, F = (F k , F l , F γ ), its Hamiltonian takes the form,
where m is the mass of the particle and the potential is a linear function of spatial coordinates,
At present we are ready to make a detailed Hamiltonian analysis for the system on the noncommutative spaces Type I and Type II.
Classical mechanics on Type I space
On this noncommutative space, we at first derive the Hamilton equation in accordance with eq. (8) and eqs. (13)- (16),ẋ
and then deduce the Newton equation by eliminating the momenta,
We notice that the noncommutativity brings about the appearance of extra forces which, besides a constant contribution in each direction (the second term on the right side of each of the above equations), are t-, x-, andẋ-dependent, respectively. The extra forces exist when the noncommutative parameters are finite, but vanish when these parameters tend to infinity. This shows the consistency of our noncommutative generalization. In particular, those extra forces related to two noncommutative parameters or the square of one parameter, such as the third and fourth terms inẍ k andẍ l , exhibit entangled contributions from the noncommutativity both between different spatial coordinates and between spatial coordinates and momenta. The extra forces give rise to the deformation of the ordinary trajectories related to the Euclidean (commutative) space, which can be seen obviously from the following solutions of the Newton equation,
where x a0 and v a0 with a = k, l, γ stand for initial positions and velocities, respectively. Let us analyze briefly the feature of this kind of solutions of the Newton equation. In k-and l-directions the solutions depend on in general three functions: a periodic function with the period 2πκ/F γ , time variable times a periodic function with the same period but a different phase, and a linear function of time. In γ-direction the solution relates to a linear and quadratic functions of time, and to an integration of the solutions in the other two directions. Therefore this kind of solutions deforms greatly the particle's trajectories we are familiar with on the Euclidean (commutative) space. Incidentally, for the special case of no external forces, i.e. F = 0, the Newton equation (eqs. (23)- (25)) becomes the same form as that on the Euclidean space. This implies that the noncommutativity of Type I space is not active for a free particle, rather than that Type I space is commutative and isotropic, which can be seen clearly from the case of a nonzero external force on this space and from the cases of both zero and nonzero external forces on Type II space.
In order to plot trajectories, we simplify, without any loss of generality, the solutions (eqs. (26)- (28)) by letting x a0 , v k0 , v γ0 , F k , and F l be zero, while maintaining v l0 , F γ , m, κ, andκ nonzero. As a result, we arrive at the simpler formulae of the solutions,
The corresponding trajectories are illustrated in Figure 1 for typical values of the nonzero 
Classical mechanics on Type II space
On this noncommutative space, we write the Hamilton equation in accordance with eq. (9) and eqs. (13)- (16) as follows:
Note that the bilinear terms, p k x l and p l x k inẋ γ , do not cause any ambiguity because the Poisson brackets of p k and x l and of p l and x k are vanishing, see eq. (9). This property guarantees the consistency of the Hamilton equation, that is, the Hamilton equation is not involved in the ordering of coordinates and momenta, which coincides with our starting point that no star-products are needed. Correspondingly, we derive the Newton equation by eliminating the momenta,
For the special case of no external forces, i.e. F = 0, the above equations take a quite simple form, mẍ k = 0, mẍ l = 0, and mẍ γ = −m(x k x l )/κ = −2mv k0 v l0 /κ. This comes to the conclusion that the noncommutativity of Type II space (only the finiteκ) is active even for a free particle, which is different from the case of Type I space. Let us have a careful look at the extra forces in the equations of motion (eqs. (38)- (40)). In general, besides the constant external force F = (F k , F l , F γ ), five extra forces emerge from the noncommutativity of the phase space in k-and l-directions, and more extra forces with complicated formulations appear in γ-direction. In k-and l-directions the first extra force is constant, the second, the third and fourth, and the last are proportional to time, spatial coordinate, and velocity, respectively. In γ-direction, moreover, the noncommutativity gives rise to various formulations of extra forces in which the different ones from that of k-and l-directions are those proportional to(x k x l ), (tẋ k − tẋ l ), and (
respectively. We mention that the bilinear term x k x l does not cause any ordering ambiguity because of the vanishing Poisson bracket {x k , x l } = 0, see eq. (9) . This guarantees the consistency of the Newton equation in γ-direction, which reflects the independence of star-products. Note also that some extra forces in the Newton equation are related to two noncommutative parameters or the square of one parameter, such as the third and fourth terms inẍ k andẍ l , and the fourth and sixth terms inẍ γ , which exhibits entangled contributions that arise from the noncommutativity both between different spatial coordinates and between spatial coordinates and momenta. We emphasize that all the extra forces vanish when the noncommutative parameters tend to infinity, which makes our noncommutative generalization consistent. Incidentally, the three new kinds of extra forces inẍ γ , i.e.(x k x l ), (tẋ k − tẋ l ), and ( x k x k ) −(x l x l ) , do not appear in the equations of motion in Ref. [5] . From the Newton equation we find that the solution in γ-direction can be expressed by the solutions in the other two directions as follows:
where C is defined by
and x a0 and v a0 with a = k, l, γ denote initial positions and velocities, respectively. As to the solutions in k-and l-directions, we have to discuss in category which depends on factor ε. This factor is composed of the γ-component of the external force, the mass, and two of the three noncommutative parameters as follows:
It is dimensionless.
Case (i): ε < 1
For this case we solve the Newton equation in k-and l-directions and obtain the solutions,
and
where A, B k , B l , ω 1 , and ω 2 are independent of time and defined by
The characteristic of the solutions is the linear combination of trigonometric functions and hyperbolic functions. In order to plot trajectories, we simplify, as we did in subsection 3.1, the solutions by letting x a0 , v k0 , v γ0 , F k , and F l be zero, while maintaining v l0 , F γ , m, κ,κ, andκ nonzero. Therefore, the solutions reduce to
The corresponding trajectories are illustrated in Figure 2 for typical values of the nonzero parameters, v l0 , F γ , m, κ,κ, andκ .
Case (ii): ε > 1
For this case we get the solutions in k-and l-directions as follows:
and 
To make a comparison between the deformed and undeformed cases, the latter (κ = ∞,κ = ∞,κ = ∞) is plotted by a dash line.
where ω ′ 2 , a real parameter, is defined by
Note that in this case the solutions contain two periodic functions with periods 2π/ω 1 and 2π/ω ′ 2 , respectively. As dealt with in the previous case, we still maintain v l0 , F γ , m, κ,κ, andκ nonzero, and reduce the solutions to be,
where x γ (t) keeps the same form as that in the previous case but relates to x k (t) and x l (t) in this case. The corresponding trajectories are illustrated in Figure 3 for typical values of the nonzero parameters, v l0 , F γ , m, κ,κ, andκ.
Case (iii): ε = 1
For this case, we get the critical solutions in which only two noncommutative parameters, say κ andκ, are independent,
Note that the solutions include periodic functions and a polynomial of time to the highest power of 3. In addition, the solution in γ-direction takes a simpler version that is just related to the two independent noncommutative parameters, κ andκ,
As dealt with in the previous two cases, we only maintain v l0 , F γ , m, κ, andκ nonzero, and simplify the solutions to be,
The corresponding trajectories are illustrated in Figure 4 for typical values of the nonzero parameters, v l0 , F γ , m, κ, andκ. satisfy. In this way, we find out two new Lie-algebraic noncommutative spaces which not only include that of Ref. [5] as our special cases, but also provide novel and strange trajectories of motion. Based on the two types of noncommutative spaces, we study the classical mechanics of a nonrelativistic particle interacting with a constant external force along the star-product independent way. In accordance with the Hamiltonian analysis, we derive the equations of motion which exhibit various marvelous extra forces arising from the noncommutativity between different spatial coordinates and between spatial coordinates and momenta as well. In particular, we encounter the unimaginable extra forces which are tẋ-,(xx)-, and(xx)-dependent, respectively. Through solving the Newton equation, we obtain the various and interesting trajectories which are extremely deformed in the way of direction-dependence by the extra forces. In addition, we give from the point of view of trajectories of motion the fact that the Lie-algebraic noncommutative spaces are in general anisotropic.
We note that our solutions eqs. (6) and (7) are not the most general cases covered by the constraint equations eqs. (2) and (5) although they are more general than that given in Ref. [5] . As a further consideration, we should therefore find out more solutions of eqs. (2) and (5) that could probably provide interesting noncommutative spaces with the Lie-algebraic structure. On the other hand, as a further application of our two types of noncommutative spaces eqs. (8) and (9), we plan to discuss some interesting systems in classical mechanics that relate to position and velocity dependent external forces, such as the harmonic oscillator. 8 In that case, we cannot circumvent star-products. Therefore, we have to envisage the problem on how to work out the star-product that is applicable to the algebraic structures of Type I and Type II noncommutative spaces. Related researches are under consideration and results will be given separately.
